I obtain the quantum correction ∆V eff = ( 2 /8m)[(1 − 4ξ d+1 d )(S ) 2 + 2(1 − 4ξ)S ] that appears in the effective potential whenever a compact d-dimensional subspace (of volume ∝ exp[S(x)]) is discarded from the configuration space of a nonrelativistic particle of mass m and curvature coupling parameter ξ. This correction gives rise to a force − ∆V eff that pushes the expectation value x off its classical trajectory. Because ∆V eff does not depend on the details of the discarded subspace, these results constitute a generic model of the quantum effect of hidden variables with maximum entropy/information capacity S(x).
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It is often possible and desirable to ignore specific degrees of freedom of a system, and focus on those that remain. For example, consider a nonrelativistic particle in a curved two-dimensional space
as illustrated in figure 1. If the particle also encounters a potential V 0 (x) then its action is
giving rise to the following equations of motion:
Now suppose we only wish to describe the behaviour of the x coordinate of this particle -perhaps φ is unobservable in practice, or happens to be irrelevant to whatever applications we have in mind. At the classical level, we can then simplify our formalism as follows. Let us write the action (2) as
and note that
which vanishes on the δ/δφ equation of motion (4). As we only want to determine x(t), we can therefore discard the second and third terms in (5) and work with the reduced action:
FIG. 1. As classical particles move over the curved space (1) their x coordinate can be predicted without reference to φ, using the reduced action (7). However, quantum particles encounter an addition potential ∆V eff due to variations in the physical size 2πb of the discarded subspace φ ∈ [0, 2π).
where the (classical) effective potential is
The action (7) generates the correct equations of motion for x, consistent with substituting (4) into (3), and allows us to treat the particle as though it were living on a reduced configuration space
We need not make any reference to φ, and can think of p φ as a parameter of the system. For a concrete application of this formalism, recall Newtonian orbital mechanics: with b(x) = x, the metric (1) describes a flat plane with radial coordinate x, and
It is important to realise, however, that once quantum effects are considered, the above procedure is no longer valid. If we naïvely quantize the reduced system (7) we will not arrive at the correct result: that obtained by quantizing the original system (2) and then reducing its configuration space. As we will see, the correct result differs from the naïve one by a quantum correction to the effective potential ∆V eff , dependent on the physical size Vol φ = 2πb(x) of the discarded subspace φ ∈ [0, 2π).
Let us work in the Schrödinger picture, and first confirm the existence of ∆V eff for the simple system above.
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As usual, we describe the quantum particle with a wavefunction, a scalar field Ψ(x, φ, t) that defines coordinateinvariant probabilities via integrals of the form
where
Schrödinger equation is
where the coordinate invariant Laplacian
and the Ricci scalar
The form of (11) is fixed by coordinate invariance, unitarity, locality, dimensional considerations, and the limits R → 0, V 0 → 0; however, the curvature coupling parameter ξ ∈ R is an arbitrary dimensionless constant, representing a quantization ambiguity of the system. This freedom can be banished by invoking 'minimal coupling' ξ = 0 or some other principle. For the sake of generality, we leave ξ unspecified.
Having quantized the original system, we proceed to discard the φ subspace. In order to make p φ a parameter of the system, we must first insist that the particle be in an eigenstate of the angular momentum operator:
This requirement serves as the analogue of equation (4) and ensures that the particle's φ behaviour is sufficiently simple that the x dynamics can be described in isolation. The states of interest are then
where the normalisation of Ψ x ensures that probabilities (10) become integrals of the form
without any reference to the φ subspace. Hence we can think of Ψ x as the wavefunction of the particle on the reduced configuration space (9). To obtain the evolution equation for Ψ x , we simply insert (14) into (11). We arrive at a reduced Schrödinger equation
where the quantum effective potential
has an additional contribution
as promised. There are a few things to note about this quantum correction. First, this effect is not purely a consequence of spatial curvature: even for the flat case b = x we find ∆V eff = 0. Second, ∆V eff cannot be made to vanish identically by some choice of ξ. Third, ∆V eff does not depend on p φ , so all states (14) experience the same correction.
To illustrate an important physical implication of ∆V eff , we now consider an arbitrary state:
As each Ψ k x obeys the reduced Schrödinger equation (16) with p φ = k, it follows that x evolves according to
We see that the classical equation of motion mẍ = −V cl no longer holds true on average. Indeed, the average deviation from the classical equation is given by
which only depends on ∆V eff and the probability density over the reduced configuration space:
Hence ∆V eff directly influences the average motion of the particle, independent of the internal details of the quantum state.
Had we naïvely quantized the reduced system (7) we would not have included the quantum contribution (18) to our effective potential. Moreover, nothing about the reduced action (7) nor the configuration space (9) would have hinted at the error we were making -we would encounter no striking technical difficulties or operator ambiguities. As such, this result serves as a general warning to those attempting to quantize any system in which degrees of freedom have already been discarded: if the physical size of the discarded configuration space varies as a function of the remaining variables, then one expects to miss an effective potential similar to (18). For instance, the mini-superspace approach to quantum cosmology [1] will need to quantify the volume of configuration space neglected in assuming a highly symmetric universe.
Thus far, we have obtained the quantum correction (18) that arises from the removal of a one-dimensional subspace. To generalise this result, let us now consider a nonrelativistic quantum particle in D = d + 1 spatial dimensions:
whereg IJ is the metric of a compact d-dimensional manifold M φ with coordinates φ ≡ (φ 1 , . . . , φ d ). As before, we seek a description of the dynamics in which we can ignore φ and treat the particle as though it were living on the reduced configuration space (9).
At the classical level, the analysis follows steps (2-8) with minor modifications. In place of p φ , we assemble
which is conserved by virtue of the δ/δφ I equations of motion. Writing |φ| ≡ (g IJφ IφJ ) 1/2 , we therefore have
as a substitute for equation (4). Hence steps (5) and (6) now follow with replacementsφ → |φ|, p φ → 2mE φ . This generates the reduced action (7) with
as the classical effective potential.
On the quantum side, we begin by observing that the Laplacian and Ricci scalar can be decomposed as follows:
where∇ 2 andR are constructed from the metricg IJ . The states (14) generalise to
where Φ is an 'energy' eigenfunction on M φ ,
with unit norm
It is natural to identify E φ , defined in (25), with the eigenvalue of (31) because the covariant Schrödinger equation (11) follows the same quantisation rule
As before, we have normalised Ψ x such that probabilities have the standard form (15).
Inserting (28-31) into the Schrödinger equation (11) we obtain the reduced Schrödinger equation (16) once again. The quantum effective potential (17) now differs from its classical counterpart (27) by
We see that ∆V eff is independent ofg IJ and E φ , and does not vanish identically for any (ξ, d) ∈ R × N.
It is easy to check that ∆V eff appears in the average equation of motion (21) just as before. The only change to this calculation is that the arbitrary state (19) is now
where the {Φ k } are eigenfunctions (31) with eigenvalues {E k φ }, forming an orthonormal basis over M φ :
Consequently, we compute expectation values with
instead of equation (20). The power of equation (33) is revealed by expressing this result in terms of the information we discard by ignoring the degrees of freedom in φ. To quantify this information, we first need to regularise the infinitedimensional Hilbert space of the particle. Let us imagine dividing the curved space (24) into a lattice of small cells with spacing min{b, (b/b ), b/b }. Then, at a given value of x, the particle can be in any of
locations on the φ sub-lattice, and the maximum entropy/information that can be stored in the φ subspace is given by Boltzmann's formula:
With this in mind, equation (33) can be written as
Crucially, this formula is completely independent of the arbitrary length . If we wish, we can now take → 0 and safely return to the continuum limit. Thus we have obtained a robust relation between the quantum correction from the discarded subspace and the maximum entropy S it can contain. Because ∆V eff does not depend on the details of the discarded space M φ , equation (39) can be used to model hidden variables in general. To illustrate this, consider a generic nonrelativistic system with a single observable x, and many other inaccessible degrees of freedom. Suppose we know the classical behaviour of x (as prescribed by an action (7) with some effective potential V cl ); however nothing is known about the hidden variables other than their information capacity S(x). Despite our ignorance, we can model the full configuration space of this system with the warped space (24) and leave the metric g IJ unspecified. We conclude that the hidden variables introduce a quantum correction (39) to the effective potential, regardless of the details of the hidden configuration space. This effect can be accounted for semiclassically by replacing the classical action (7) with
which generates equations that accurately capture the average motion (21) of the observable x. Provided S(x) is known, the semiclassical action (40) only introduces two parameters (ξ, d) that would need to be determined experimentally. Thus equations (39) and (40) constitute a powerful semiclassical model of the quantum effect of hidden variables. The semiclassical action (40) also lets us express the propagator for Ψ x as an integral over observable paths:
This relation is evident from the reduced Schrödinger equation (16) Conclusion: When predicting the classical motion of an observable x, other degrees of freedom can often be ignored and subsumed into an effective potential. However, if these hidden variables have a configuration space which varies in size as a function of x, so that the hidden information capacity is S(x), then quantum effects generate an additional term in the effective potential (39). This quantum correction directly influences the observable behaviour, forcing the expectation value x away from its classical trajectory (21). The semiclassical action (40) accounts for this phenomenon within the equation of motion, and also generates the path integral propagator (41) over the observable configuration space (9). In general, the quantum correction is determined by S(x), the number of hidden dimensions d ∈ N, and the curvature coupling parameter ξ ∈ R; beyond this, the details of the hidden configuration space are irrelevant. As such, these results constitute a powerful general-purpose model for the quantum effect of hidden variables, applicable to any observable whose classical motion is determined by the standard nonrelativistic action (7). 
